We consider a two dimensional itinerant SYK model of spin-less fermions, with a linear dispersion, interacting via random long range all-to-all interactions. In the large-N limit, we find an asymptotic power series solution of the saddle-point equations, which demonstrate that the SYK interactions drive the formation of localized states in the strong coupling regime. By calculating the currentcurrent correlation function, the ground state is shown to be insulating. Finally, we calculate the out-of-time-correlator (OTOC), which has a t-linear growth in time and an associated logarithmic growth of entanglement; thereby proving that the system forms a many body localized phase.
The phenomena of localization in a random medium, due to quantum interference, was first discussed by Anderson [1] , and in the absence of interactions, generic disorder is known to localize all states in one and two dimensions (2-D) [2, 3] . The possibility of a many-body localized (MBL) phase in an interacting disordered system was also pointed out in Ref. [1] , which has now been demonstrated rigorously by Basko. et. al. Ref. [4] . MBL phases have a number of striking characteristics, including zero DC conductivity, emergent integrability [5] [6] [7] [8] , violation of the eigenstate-thermalization hypothesis [9] [10] [11] . Furthermore, the MBL phase displays a logarithmic growth of entanglement entropy [5, 6, [12] [13] [14] [15] [16] , as opposed to non-interacting Anderson insulators, which display a constant entropy [16, 17] , and many-body thermal phases that display a ballistic growth of entanglement [18, 19] .
The growth of entanglement can be probed using the out-of-time-correlator (OTOC), F (t) = Ŵ † (t)V † (0)Ŵ (t)V (0) , which was first discussed in the context of superconductivity [20] , and has been shown to be related to the second Rényi entropy [16] . It has received a lot of attention recently in both condensed matter and high energy physics as a diagnostic of entanglement and chaos [21] [22] [23] [24] [25] [26] . For thermal phases with chaos, the OTOC will eventually decay to zero exponentially at a rate λ P , which is the quantum analog of the Lyapunov exponent, with the well-known "Sachdev-YeKitaev" model (SYK model) [21, 22, 25, 27, 28] exhibiting one of the fastest growth with a λ P that saturates the upper bound of 2π β [24] . The SYK model allows for the exact solution, in the large-N limit, of a strongly interacting quantum manybody system that is chaotic with near conformal invariance [25] , which has also been argued to be holographically dual to an AdS 2 black hole [28] . This has generated great interest in the community, with several generalizations of the SYK model that have been applied towards study of non-Fermi liquid phases, strongly interacting diffusive phases, as well as the quantum butterfly effect [29] [30] [31] [32] [33] [34] [35] .
Interaction and disorder are treated on an equivalent footing in the SYK model, and since numerical studies of the 1-D random-field XXZ model [14, 16, 36, 37] have shown that the MBL phase occurs for strong disorder, this motivates a study of a two-dimensional itinerant SYK model. The large-N results that we obtain demonstrate that the system does indeeds form an MBL ground state in the strong-coupling regime.
We consider a 2-D model of spin-less itinerant fermions interacting via a random all-to-all SYK interaction, described by the Hamiltonian,
Here, ξ k = ±v F | k| is a linear dispersion with the chemical potential µ set to zero, and the electrons at sites i = 1 . . . N interact via a four-fermion coupling J ijkl with Gaussian distribution of zero mean and variance J 2 . Applying the standard replica method [38] gives c i,a , with a ∈ [1, n] being the replica index, and we then average over the disorder to obtain a replicated action,
Similar to Ref. [28] , the system allows for a replicasymmetric large-N solution, with the following saddlepoint equations,
At the large-N saddle point, only the "watermelon" diagram, as shown in Fig. 1 , contribute to the self-energy after disorder averaging, and similar to Ref. [21, 22, 25] , the self-energy is entirely local and depends only upon the local Green's function, following asymptotic solution (see SOM for details),
Here, D is the bandwidth, C 1 = 2e
It is clear that these solutions satisfy the saddlepoint equations, up to O(
D |τ |). Hence, Σ(iω n ) is asymptotically accurate for small ω n D, i.e. large τ limit.
The key insight from the solutions is that
iωn , meaning that the SYK interactions drive the fermions into forming localized bound states in the strong coupling regime, J ∼ D, with a spectral weight of
. In addition, the logarithmic term in Σ(iω n ) indicates the formation of an incoherent background at high energies. We point out that the large-N solution is particle-hole symmetric, as the replica-symmetric action is invariant under charge conjugation, C.
Since the system forms a lattice of interaction-driven bound states with a high-energy incoherent background, the ground state should be insulating at low energies. This is verified by calculating the longitudinal current-current correlation function, χ
, and Fig. 2 shows the ladder diagrams for the scattering vertices.
At O(1), the disorder-averaged SYK interactions give
Feynman diagrams for the effective scattering vertices, Γ (1) (τ 1 , τ 2 ) and Γ (2) (τ 1 , τ 2 ), which correspond to scattering in the particle-hole and particle-particle channels respectively. Similar to the SYK model, two of the SYK interaction vertices, ( r k , r l ), are contracted to form the local bubbles on the rungs, while the external legs, ( r i , r j ) are summed over. The diagrams on the upper and lower left consisting of a particle-hole like bubble,
, insertion on the rung, while the upper and lower right diagrams consist of a particle-particle like bubble insertion,
rise to two types of scattering kernels formed by contracting two of the spatial indices to form either a particle-hole like or particle-particle like bubble insertion on the rungs of the ladder, i.e. the left and right diagrams in Fig. 2 respectively. The spatial indices, r i and r j , have to be summed over as well at O(1); hence, the scattering vertices only contribute to the uniform q = 0 component of χ
Since the ground state is particle-hole symmetric, charge conjugation, C, can be applied to the four Green's functions on the legs of the ladder connected to the bubble rung on the upper left diagram for Γ (1) 
. This reverses the direction of the Green's functions, thereby giving the lower left diagram for Γ (2) (τ 1 − τ 2 ); the upper and lower right diagrams are similarly equivalent. Hence, the scattering kernels of Γ (1) (τ ) and Γ (2) (τ ) are equivalent under particle-hole symmetry, and therefore, Γ
(1) (τ ) = Γ (2) (τ ). In Fourier space, the set of coupled integral equations representing the ladder diagrams is given by,
The scattering kernel K (1) (iω 1 − iω 3 , iΩ) is given by the O(1) insertion of a particle-hole type bubble rung, G (2l)ph (iω n ), which is the Fourier transform of
, along with two legs of the ladder. Similarly, K (2) (iω 1 − iω 3 , iΩ) involves the insertion of a particle-particle type bubble rung, G (2l)pp (iω n ), which is the Fourier transform of
Hence, the kernels are,
where H(iω n , iΩ) describes the two legs of the ladders connected to the bubble rungs,
Since the scattering kernels for Γ (1) (iω n , iΩ) and Γ (2) (iω n , iΩ) are equivalent; hence, Γ (1) (iω n , iΩ) = Γ (2) (iω n , iΩ) = Γ(iω n , iΩ). Eq. 5 can now be transformed into a differential equation, and up to logarithmic accuracy, it can be solved to give the following solution,
D (see SOM for details). To verify the validity of the solution for Γ(iω, iΩ), we check that it satisfies the Ward identity [39] , which relates the electron self-energy, Σ(iω) to the scattering vertex, Γ(iω).
with k = ( k, iω) and q = (0, iΩ). The righthand side of Eq. 9 is explicitly calculated, and
Therefore, the scattering vertex, Γ(iω, iΩ), satisfies the Ward identity, up to logarithmic terms.
It is now straightforward to evaluate χ (l) ( q = 0, iΩ), which consists of the bubble diagram contribution, χ (l),0 JJ ( q = 0, iΩ), as well as the contribution from the vertex correction, χ (l),v JJ ( q = 0, iΩ). To leading order in Ω, we find that the vertex correction cancels the bubble diagram, i.e. χ (l),v
JJ ( q = 0, iΩ) = 0, for Ω D, as expected for an insulating ground state (see SOM for details).
The dynamics of quantum chaos and entanglement can be probed by the squared anti-commutators, C I ( r, t) = |{c † ( r, t), c(0, 0)}| 2 = 2−2Re[F I ( r, t, t)] and C II ( r, t) = |{c( r, t), c(0, 0)}| 2 = 2 − 2Re[F II ( r, t, t)], and following Ref. [40] , we analyze the following two disorder averaged regularized OTOCs, with y 4 = 1 Z e −βH .
Utilizing an augmented Keldysh formalism discussed in Ref. [41] , we derive the OTOC,
term comes from the disconnected contractions of local effective Green's functions. Similar to the scattering vertices for χ (l) JJ ( q = 0, iΩ), there are particle-hole and particle-particle type bubble insertions into the rungs of the ladders diagrams for F
(1) (t 1 , t 2 ), as shown shown in Fig. 3 .
FIG. 3: Feynman diagrams for the two OTOCs, F (1) (t 1 , τ 2 ) and F (2) (t 1 , t 2 ), with the upper and lower Keldysh contours separated by half the thermal cycle, t = i β 2 . Similar to Γ
(1) (τ 1 , τ 2 ) and Γ (2) (τ 1 , τ 2 ), the diagrams on the upper and lower left consisting of a particle-hole like bubble, G (l)
w− (t 2 − t 1 ), insertion on the rung, while the upper and lower right diagrams consist of a particle-particle like bubbles insertion, G 
Note that we are now working in real time, t, as opposed to imaginary time, τ , and the Green's functions describing the legs are G (R/A) ( k, iω). The upper and
2 ), with the particle-hole and particle-particle type bubbles given by G (l)
2 respectively. Following a particle-hole symmetry argument similar to that applied to Γ(iΩ), it can be demonstrated that F II (t 1 , t 2 ) have the same scattering kernels K 1 (t 1 , t 2 ) and K 2 (t 1 , t 2 ) .
Hence, F
(1)
, and Eq. 11 simplifies to a single integral equation. This can be transformed into a differential equation, and at zero temperature, it gives the following solution (see SOM for details).
We point out here that, F
(1) (ω, Ω) is the Fourier transform of (1) (t
As discussed in Ref. [16] , the second Rényi entropy, S (2) A , of the system is related to the OTOC; hence, the tlinear envelope in Eq. 13 confirms that the entanglement entropy of the system grows logarithmically with time, thereby verifying that the system is in an MBL ground state. This is consistent with numerical studies of the 1-D random field XXZ model [14, 16, 36, 37] , as well as recent numerical studies of generalized SYK models that have found an MBL phase by analyzing the level statistics [42, 43] . As discussed in Ref. [44] , the OTOC has an oscillatory component due to the exponentially decaying effective interactions, and de-phasing between different eigenstates results in the power-law envelope. The oscillatory component in Eq. 13 results from the disorderaveraged high-energy incoherent background described by the logarithmic term in Σ(iω n ); hence, it oscillates at a frequency (b) ( r, t 1 , t 2 ), which will provide insight into the real-space r-dependence of the OTOC (refer to SOM for details of calculations). The squared commutator is proportional to the real part of the OTOC, and we obtain,
We note that the logarithmic dependence on t is the origin of the t-linear behavior of F 1 (t − 12 = 0, t + 12 = t), resulting from summing up the infinite series of the ladder diagrams. In addition, we note that it is exponentially localized with a localization length of a, the lattice spacing, which is expected given that the SYK interactions drive the formation of localized states. Hence, this provides an insight into the exponentially weak interactions that drive entanglement in the MBL phase [5, 14, 36, 45] . Re[F (b) ( r, t − 12 = 0, t + 12 = t)] also has an oscillatory component, similarly due to disorder-averaging of the highenergy background, which is relegated to the SOM for convenience.
In conclusion, by making use of an asymptotic solution of the large-N saddle point equations, we have found that a two-dimensional itinerant SYK model of spin-less fermions forms a many-body localized phase in the strong coupling regime. The system forms a lattice of interaction-driven bound states, with a high-energy background, and the ground state is verified to be insulating by calculating the current-current correlation function, which is found to be zero in the small ω-limit. The manybody-localized nature of the ground state is confirmed by calculating the OTOC, and we find that the OTOC has a linear in time behavior, meaning that the entanglement entropy of the system grows logarithmically with time; thereby confirming the system forms a many-body localized phase.
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